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Abstract
The relation between the extendability of linear codes over GF(q) having the minimum distance
d with gcd(d; q) = 1 and blocking sets with respect to lines in the projective space is given.
From this geometrical point of view, some new conditions for which such codes are extendable
are given.
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1. Introduction
Let C be an [n; k; d]q code, that is a linear code over GF(q) of length n with
dimension k whose minimum Hamming distance is d, where GF(q) stands for the
:nite :eld of order q. The weight distribution of C is the list of numbers Ai which is
the number of codewords of C with weight i. The weight distribution with (A0; Ad; : : :)=
(1; 	; : : :) is also expressed as 01d	 · · ·. We only consider non-degenerate codes having
no coordinate which is identically zero.
The code obtained by deleting the same coordinate from each codeword of C is
called a punctured code of C. If there exists an [n+1; k; d+1]q code C
′ which gives
C as a punctured code, C is called extendable (to C′) and C′ is an extension of C.
We denote by Ai the number of codewords with weight i. Throughout this paper we
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only consider [n; k; d]q codes with gcd(d; q) = 1, k¿ 3 (See [6] for the case k6 2).
It is well-known that [n; k; d]2 codes with q odd are always extendable. Hill and Lizak
[4] generalized this fact for general q as follows.
Theorem 1.1 (Hill and Lizak [3,4]). An [n; k; d]q code C with gcd(d; q)=1 is extend-
able if i ≡ 0 or d (mod q) for all i with Ai ¿ 0.
Assume that q= ph, p prime. Simonis [7] gave a stronger result:
Theorem 1.2 (Simonis [7]). An [n; k; d]q code C with gcd(d; q) = 1 is extendable if∑
i ≡d (mod p) Ai = q
k−1.
Using the geometric method introduced in [6] and a result on blocking sets with
respect to lines in :nite projective spaces [1], the condition in Theorem 1.2 can be
weakened as follows.
Theorem 1.3. An [n; k; d]q code C with gcd(d; q) = 1 is extendable if
∑
i ≡d (mod p)
Ai ¡qk−1 + qk−3
√
q(q− 1).
Simonis also noted that an [n; k; d]q code C with gcd(d; q) = 1 is extendable if∑
i ≡d (mod p) Ai ¡q
k−2(2q − 1) when q = 3 or 4 [7]. This leads to the following
conjecture:
Conjecture. Let C be an [n; k; d]q code with gcd(d; q) = 1, q= p
h, p prime. Then C
is extendable if
∑
i ≡d (mod p)
Ai ¡qk−2(2q− 1):
The next theorem partially corroborates our conjecture.
Theorem 1.4. The conjecture is true when:
(1) h= 1 (i.e. q is prime),
(2) q= 4,
(3) h= 2 with n ≡ 0 (modp), d ≡ −1 (modp), or
(4) h= 2 with n ≡ d ≡ 1 (modp) and Ai = 0 for all i ≡ d (modp), i ≡ n (mod q).
A [4; 3; 2]3 code has unique weight distribution 0
12123846 satisfying∑
i ≡2 (mod 3) Ai=3(2·3−1) and is not extendable (since the corresponding multiset forms
a (4; 2)-arc in PG(2; 3), see Section 2). Hence our condition is best possible for
q= 3.
When h¿ 3, we can get the following result.
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Theorem 1.5. Let C be an [n; k; d]q code with gcd(d; q) = 1, q=p
h, p prime, h¿ 3.
Then C is extendable if
∑
i ≡d (mod ph−1)
Ai ¡qk−2(2q− 1):
As an application of our result the non-existence of linear codes with some putative
parameters could be proven (see Example 6 in [7]).
We prove Theorem 1.3 in Section 2 and Theorems 1.4 and 1.5 in Section 3. We
also give a new elementary proof of Theorem 1.2 in Section 2.
2. Geometric approach to the extendability of linear codes
We denote by PG(r; q) the projective geometry of dimension r over GF(q), r¿ 2.
A j-8at is a projective subspace of dimension j in PG(r; q). 0-Jats, 1-Jats, 2-Jats,
(r−2)-Jats and (r−1)-Jats are called points, lines, planes, secundums and hyperplanes,
respectively, as usual. We denote by Fj the set of j-Jats of PG(r; q) and denote by
j the number of points in a j-Jat, i.e. j = |PG(j; q)|= (qj+1 − 1)=(q− 1).
A set B in PG(r; q) meeting every line is called a blocking set with respect to
lines. A non-trivial blocking set in a plane is a blocking set with respect to lines
in the plane containing no line. The blocking sets which need all of their points are
called minimal. The smallest blocking sets in PG(r; q) with respect to lines are the
hyperplanes (Theorem 3.4 of [5]).
The following lemmas give characterizations of hyperplanes. Let H be a proper
subset of = PG(r; q).
Lemma 2.1 (Maruta [6]). H is a hyperplane of  i9 every line in  meets H in one
point or in q+ 1 points.
Lemma 2.2 (Theorem 3.4 of Hirschfeld [5]). H is a hyperplane of  i9 every line in
 meets H in at least one point and |H |= r−1.
The second smallest minimal blocking set in PG(r; q) with respect to lines is a cone
having as base a smallest non-trivial blocking set with respect to lines in a plane, and
having as vertex a PG(r−3; q) skew to the plane of the blocking set in the base [1,2].
A non-trivial blocking set with respect to lines in PG(2; q) has at least q +
√
q + 1
points, and the smallest non-trivial blocking sets in PG(2; q) are Baer subplanes when
q is square. Hence we get the following.
Theorem 2.3. Let B be a blocking set in PG(r; q) with respect to lines. Then B
includes a hyperplane if |B|¡qr−2(q+√q+ 1) + r−3 = qr−2√q+ r−1.
Let C be a non-degenerate [n; k; d]q code with a generator matrix G. Then the
columns of G can be considered as a multiset of n points in =PG(k − 1; q) denoted
380 T. Maruta /Discrete Mathematics 266 (2003) 377–385
also by C: We see linear codes from this geometrical point of view. An i-point is a
point of  which has multiplicity i in C: Denote by 0 the maximum multiplicity of a
point from  in C and let Ci be the set of i-points in , 06 i6 0. For any subset
S of  we de:ne the multiplicity of S with respect to C, denoted by mC(S), as
mC(S) =
0∑
i=1
i · |S ∩ Ci|:
Then we obtain the partition = C0 ∪ C1 ∪ · · · ∪ C0 such that
mC() = n;
n− d=max{mC() | ∈Fk−2}:
Conversely such a partition of  as above gives an [n; k; d]q code in the natural manner
if there exists no hyperplane including the complement of C0 in . Note that the number
of hyperplanes  with mC() = i is equal to An−i=(q− 1).
Since (n+ 1)− (d+ 1) = n− d, we get the following.
Lemma 2.4. C is extendable i9 there exists a point P ∈ such that mC()¡n − d
for all hyperplanes  through P.
Let ∗ be the dual space of  (considering Fk−2 as the set of points of ∗). Then
Lemma 2.4 is equivalent to the following:
Lemma 2.5. C is extendable i9 there exists a hyperplane  of ∗ such that
 ⊂ {∈Fk−2 |mC()¡n− d}:
From now on, let C be an [n; k; d]q code with gcd(q; d)=1: Assume q=p
h, p prime
and that  is an integer with 16 6 h. Let ∗ be the dual space of  (considering
Fk−2 as the set of points of ∗). We denote by F∗j the set of j-Jats of 
∗, so
F∗j =Fk−2−j, 06 j6 k − 2. We de:ne
F = F () = {∈Fk−2 |mC() ≡ n− d (modp)},
F0 = F
()
0 = {∈Fk−2 |mC() ≡ n (modp)};
F1 = F
()
1 = F \ F0.
Then F (h)0 ⊂ F (h−1)0 ⊂ · · · ⊂ F (1)0 ⊂ F (1) ⊂ F (2) ⊂ · · · ⊂ F (h).
Lemma 2.6. F ∩ L = ∅ for all L∈F∗1 .
Proof. It suKces to prove this for the case when F = F (1). Suppose F ∩ L = ∅, L =
{0; : : : ; q}∈F∗1 . Then 0; : : : ; q are the hyperplanes through the secundum L in 
with mC(i) ≡ n − d (modp). Since
∑q
i=0 (mC(i) − mC(L)) + mC(L) = n, we get
n− d ≡ n (modp). This contradicts our assumption gcd(d; q) = 1.
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Hence F is a blocking set in ∗ with respect to lines. Theorem 1.2 is equivalent to
the following:
Proposition 2.7. C is extendable if |F (1)|= k−2.
Proof. This follows from Lemmas 2.2, 2.5, 2.6.
By Lemmas 2.5, 2.6 and Theorem 2.3, the condition of Proposition 2.7 can be
weakened as:
Proposition 2.8. C is extendable if |F (1)|¡k−2 + qk−3√q.
This is equivalent to Theorem 1.3. To prove Theorems 1.4 and 1.5 we need further
investigations.
3. Proof of Theorems 1.4 and 1.5
Lemma 3.1. (1) Let L be a line of ∗ with F∩L={1; : : : ; u}, mC(i)=si, 16 i6 u:
Then
∑u
i=1 si ≡ un− (u− 1)d (modp).
(2) If ! ∩ F ⊂ F0, !∈F∗j , then |! ∩ F | ≡ 1 (modp) for 16 j6 k − 1:
Proof. (1) Let u+1; : : : ; q+1 be the other points on L in ∗. Then mC(j) ≡ n −
d (modp), u + 16 j6 q + 1. Since
∑q+1
i=1 (mC(i) − mC(L)) + mC(L) = n, we get∑u
i=1 si + (q+ 1− u)(n− d) ≡ n (modp).
(2) Assume that F ∩L ⊂ F0, L∈F∗1 . By (1) we have (u−1)d ≡ 0 (modp). Hence
u ≡ 1 (modp) since gcd(d; q) = 1. Considering the lines in ! through a :xed point
of !, we can verify |! ∩ F | ≡ 1 (modp) when ! ∩ F ⊂ F0.
Corollary 3.2. Let L be a line of ∗.
(1) If F ∩ L= {}, then ∈F0.
(2) If F ∩ L= {1; 2}, then 1; 2 ∈F1 = F \ F0.
Proof. Apply Lemma 3.1 (1).
Lemma 3.3. Let !2 be a plane in ∗ with |!2 ∩ F |6 2q. Then !2 ∩ F ⊂ F0.
Proof. Suppose that there is a line L of ∗ in !2 meeting F in two points, say
L ∩ F = {Q1; Q2}. Then Q1; Q2 ∈F1 by Corollary 3.2(2). Hence every line ( = L) on
!2 through Qi meets F in at least two points by Corollary 3.2(1). Thus, by Lemma
2.6, (!2 ∩ F) \ L forms a blocking set in AG(2; q). Applying Theorem 13.49 of [5],
we get |!2 ∩ F | − 2¿ 2q − 1, a contradiction. Therefore there is no bisecant of F in
!2. Suppose that a point Q of ∗ in !2 ∩ F1 exists. Then every line in !2 through
Q meets F in at least three points, so |!2 ∩ F |¿ 2(q+ 1) + 1, a contradiction. Hence
!2 ∩ F ⊂ F0.
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When q is prime it holds that !2∩F is a line of ∗ provided |!2∩F |6 2q, !2 ∈F∗2
by Lemmas 2.1, 3.1(2) and 3.3. We refer to this implication as IMP:
IMP. If !2 is a plane in ∗ with |!2 ∩ F |6 2q, then !2 ∩ F is a line.
Lemma 3.4. IMP holds when q is prime.
Lemma 3.5. Assume that IMP holds. Then F is a hyperplane if |F |¡k−2 + qk−2.
Proof. Take L∈F∗1 as a unisecant of F . Then we can :nd !2 ∈F∗2 through L with
|!2∩F |6 2q, otherwise |F |¿ 2qk−3 +1¿ k−2 +qk−2, a contradiction. !2∩F must
be a line by IMP. Furthermore !2 ∩F ⊂ F0 by Lemma 3.3. Assume that !i ∈F∗i and
#i−1 ∈F∗i−1 satis:es #i−1=!i∩F ⊂ F0 and that every i-Jat ! with |!∩F |¡i−1+qi−1
satis:es !∩F=!∩F0 ∈F∗i−1, 26 i6 k−2. Since the number of (i+1)-Jats through
!i is k−2−i, there is an (i+1)-Jat !i+1 in ∗ through !i such that |!i+1∩F |6 i+qi,
otherwise |F |¿ 2qik−2−i + i−1¿ k−2 + qk−2, a contradiction. Take an (i − 1)-Jat
# in !i+1 with |# ∩ F | = i−2. The number of (i − 1)-Jats included in F0 through #,
say t, is at least two, for
i + qi ¿ |!i+1 ∩ F |¿ qi−1t + (i−1 + qi−1)(q+ 1− t) + i−2:
Hence we can take an (i − 1)-Jat #′ ⊂ F0 through an (i − 2)-Jat in #i−1. Put
#i = 〈#i−1; #′〉 ∈F∗i . Suppose that there exists a point Q in #i \F . Setting #(i) = #i, we
determine #(i−1); #(i−2); : : : ; #(2); #(1) and di−1; di−2; : : : ; d2; d1 so that
dj =min{|#(j) ∩ F | |Q∈ #(j) ⊂ #(j+1); #(j) ∈F∗j };
Q∈ #(1) ⊂ #(2) ⊂ · · · ⊂ #(i−1) ⊂ #(i) = #i; dj = |#(j) ∩ F |; 16 j6 i − 1:
Obviously s1¿ 2. When i= 2, every plane # through #(1) satis:es |# ∩ F |¿ 2q+ 1
since 1¡s1¡q+1. So, |!3∩F |¿ (2q+1− s1)q+ s1(q+1)=2q2 +q+ s¿ 2 +q2, a
contradiction. Hence #2 ⊂ F . If there exists a point P for which there is no unisecant
of F through P in !3, we get |!3 ∩F |¿ 2 + q2, a contradiction. Hence, by Corollary
3.2(1), #2 ⊂ F0. Since there is no bisecant of F in !3 and since |!3 ∩ F |6 2 + q2,
it holds that !3 ∩ F = #2.
Assume i¿ 3: Note that |#i∩F |¿ (di−1−di−2)1 +di−2¿ · · ·¿ (di−1−di−2)1 +
(di−2−di−3)1 + · · ·+(d2−d1)1 +d1 =di−11−d1q: Considering the i-Jats through
#(i−1) we get
i + qi ¿ |!i+1 ∩ F |¿ (i−1 + qi−1 − di−1)q+ di−11 − d1q¿i + qi;
a contradiction (since si−1¿ s1(q + 1)¿s1q + 1). Thus #i ⊂ F . We can also prove
that !i+1 ∩ F = #i ⊂ F0 similarly as above (when i = 2). Hence, we can deduce that
F is a hyperplane of ∗ inductively.
Lemmas 2.5, 3.4, 3.5 imply the next result which gives Theorem 1.4(1).
Corollary 3.6. C is extendable if |F |¡k−2 + qk−2 when q is prime.
Lemma 3.7. IMP holds when q= ph; h¿ 3; = h− 1.
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Proof. Assume that F = F (h−1), |!2 ∩ F |6 2q, !2 ∈F∗2 , q=ph; h¿ 3. Suppose that
!2 ∩ F includes no line. By Lemma 2.6, !2 ∩ F is a blocking set in !2 which has at
least q +
√
q + 1 points. Hence, by Lemma 3.1(2), |!2 ∩ F | = q + eph + 1 for some
e, 16 e6p− 1. Let aui be the number of (ui = iph−1 + 1)-secants of F in !2. Then
the usual counting argument yields
p−1∑
i=0
aui = 2; (3.1)
p−1∑
i=0
uiaui = (q+ 1)(q+ ep
h−1 + 1); (3.2)
p−1∑
i=1
ui(ui − 1)aui = (q+ eph−1 + 1)(q+ eph−1): (3.3)
((3:2)− (3:1))=ph−1 gives
p−1∑
i=1
iaui = p+ e(q+ 1): (3.4)
((3:3)=ph−1 − (3:4))=ph−1 also gives
p−1∑
i=1
i2aui = (p+ e)
2 − pe: (3.5)
Hence, from (3.4) and (3.5), we obtain
p−1∑
i=2
i(i − 1)aui = p2 + (e − 1)(p+ e)− eq¡ 0;
a contradiction, for p2 + (e − 1)(p + e)¡p2 + (p − 1)p2 = p36 q when h¿ 3.
Therefore !2∩F includes a line, say L. For each point P on L, there is a tangent of F
on !2 through P since |!2 ∩F |6 2q. Hence L ⊂ F0 by Corollary 3.2(1). Furthermore
there is no bisecant of F on !2 by Corollary 3.2(2), which can be possible only when
!2 ∩ F = L under our condition |!2 ∩ F |6 2q.
Assume h = 2 in the proof of Lemma 3.7. When e = 1, the right hand side of
(3:5) − (3:4) =p2 − q = 0, so aui = 0 for 26 i6p − 1 and au1 = q + p + 1. Hence
!2 ∩ F is a Baer subplane (=PG(2; p)). When e¿ 2, the right hand side of (3:5) −
(3:4) = (e − 1)(−p2 + p+ e)6− (e − 1)(p− 1)2¡ 0, a contradiction. Hence, when
q=p2, p prime, !2 ∈F∗2 with |!2∩F |6 2q satis:es !2∩F=PG(2; p) ⊂ F0 if !2∩F
includes no line. Then {∈Fk−2 |  ⊃ !2} forms PG(2; p) as the set of points in .
Take !′ ∈F∗k−4 =F2 such that !2 ∩!′= ∅. Every hyperplane of  through !2 meets
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!′ in a line. Let C′ be the code de:ned by the multiset !′ as
m′C(P) = mC(〈P; !2〉) for each P ∈!′:
For any line l on !′ we have mC′(l) = mC(〈l; !2〉) + qmC(!2) ≡ mC(〈l; !2〉) and
mC′(!′) ≡ n (mod q). Hence C′ is an [n′; 3; d′]q code such that {l∈F2 |mC′(l) ≡
n (modp)} forms PG(2; p), n′ ≡ n (mod q) and that {l∈F2 |mC′(l) ≡ n (modp)} =
{l∈F2 |mC′(l) ≡ n− d (modp)}.
Lemma 3.8. Let C be an [n; 3; d]q code, q = p
2, p prime. Assume that i ≡ n or
n − d (modp) for all ai ¿ 0 and that F = F0 = {l∈F2 |mC(l) ≡ n (mod q)} forms
PG(2; p) of ∗ = PG(2; q)∗.
(1) If i ≡ 0 (mod q) for all ai ¿ 0 with i ≡ n−d (modp) or if i is even when q=4,
then n ≡ 1 (modp).
(2) If n− d ≡ 1 (mod q), then n ≡ 0 (modp).
Proof. Let H be the set of points in which p+1 lines of F0 meet, so H= PG(2; p) ⊂
PG(2; q). Then
∑
i≡n (mod p)
iai = n+ ps; (3.6)
where s= mC(H). Since
∑
i iai = (q+ 1)n, we have
∑
i≡n−d (mod p)
iai = qn− ps: (3.7)
Hence, from
∑
i ai = q
2 + q+ 1 and
∑
i≡n (mod p) ai = q+ p+ 1, we get
∑
i≡n−d (mod p)
(i − 1)ai = qn− ps− q2 + p: (3.8)
On the other hand it holds that
∑
i
i(i − 1)ai = n(n− 1) + q
0∑
i=2
i(i − 1)(i; (3.9)
where (i is the number of i-points.
(1) Suppose that n − d ≡ 0 (modp), n ≡ 1 (modp). Substituting n =∑
i≡n (mod p)(i − 1)ai + q+ p+ 1− ps in (3.9) we get the following by (3.7).
∑
i≡n−d (mod p)
i
p
(i − 2)ai +
∑
i≡n (mod p)
(i − 1)2
p
ai ≡ 1 (modp):
This gives a contradiction when p = 2 or when i ≡ 0 (mod q) for all ai ¿ 0 with
i ≡ n− d (modp).
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(2) Suppose that n − d ≡ 1 (modp), n ≡ 0 (modp). By (3.7), (3.8) and (3.9) we
get
∑
i≡n−d (mod p)
(i − 1)2
p
ai +
∑
i≡n (mod p)
i2
p
ai ≡ −1 (modp):
a contradiction (the left hand side ≡ 0 (modp)).
Hence we get the following.
Lemma 3.9. IMP holds if q= 4 or if q= p2; r = 1 when i ≡ 0 (mod q) for all ai ¿ 0
with i ≡ n− d (modp), n ≡ 1 (modp) or if n− d ≡ 1 (mod q), n ≡ 0 (modp).
As we proved Theorem 1.4(1) (as Corollary 3.6), we can get Theorem 1.4 (2)–(4)
and Theorem 1.5 using Lemmas 3.9 and 3.7, respectively.
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